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| Basics of Simulai Table A.1" Random Digits
94737 08225 35614 24826 88319 05595 58701 57365 74759
87259 85982 13296 89326 74863 99986 68558 06391 50248
63856 14016 18527 11634 96908 52146 53496 51730 03500

66612 54714 46783 61934 30258 61674 07471 67566 31635
30712 58582 05704 2231712 86689 94834 99057 55832 21012

69607 24145 43886 86477 05317 30445 33456 34029 09603
37192 27282 94107 41967 21425 04743 42822 28111 09757
01488 56680 73847 64930 11108 44834 45390 86043 23973
66248 97697 38244 50918 55441 51217 54786 04940 50807
51453 03462 61157 65366 61130 26204 15016 85665. 97714

92168 82530 19271 86999 96499 12765 20926 25282 39119
36463 07331 54550 00546 03337 41583 46439 40173 46455
47097 78780 04210 87084 4“4y 753717 57153 41415 09890
80400 45972 44111 99708 45935 03694 81421 60170 58457
94554 13863 88239 91624 00022 40471 78462 96265 55360

31567 53597 08490 73544 n513 30961 12282 97033 13676
07821 24759 47266 21747 72496 77755 50391 59554 37
09056 10709 69314 11449 40531 02917 95878 74587 60906
19922 37025 80731 26179 16039 01518 82697 3221 13160
29923 02570 80164 36108 73689 26342 35712 49137 13482

29602 29464 99219 20308 82109 03898 82072 85199 13103
94135 94661 87724 88187 62191 70607 63099 40494 49069
87926 34092 34334 55064 43152 01610 03126 4m12 59578
85039 19212 59160 83537 54414 19856 90527 21756 64783
66070 33480 74636 45095 86576 79337 39578 40851 53503

78166 82521 79261 12570 10930 47564 77869 16480 43972
94672 07912 26153 10531 127115 63142 88937 94466 31388
56406 70023 27734 22254 27685 67518 63966 33203 70803
67726 57805 94264 77009 08682 18784 47554 59869 66320
07516 45979 76735 46509 17696 67177 92600 55572 17245

43070 2671 00152 81326 89428 16368 57659 79424 57604
36917 60370 . 80812 87225 02850 47118 23790 55043 75117
03919 2922 02312 31106 44335 05573 17470 25900 91080
46724 22558 64303 78804 05762 70650 56117 06707 90035
16108 61281 86823 20286 14025 24909 38391 12183 89393

74541 75808 89669 87680 nI8 60851 55292 95663 88326

82919 31285 01850 72550 42986 57518 01159 01786 98145
31388 26809 77258 99360 92362 21979 41319 75739 98082
1719 75522 15687 07161 99745 48767 03121 20046 28013
00466 88068 68631 98745 9110 35886 14497 90230 69264
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Linear Congruential Method(LCM) B> Sgiod Mgo - )

2 o G5l slacl sdlgs (sl ol slesds, =52 Lo oul O

m To produce a sequence of integers, X;, X,, ... between 0
and m-1 by following a recursive relationship:

X, =(aX, ,+c) mod i=12,...

m The selection of the values for a, ¢, m, and X, drastically
affects the statistical properties and the cycle length.
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Linear Congruential Method(LCM) B> Sgiod Mgo - )

m The random integers are being generated [0,m-1], and to
convert the integers to random numbers:

R=2c =12
m

Aiseao | sdigiod Mgo |y Mge 2L €>0 51 O
Mixed Congruential Method

Multiplicative Congruential Method
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X,=27, a=17, c=43, m=100 :pudbadls> s 2,3
X, =(@X_+c)mod m s30T cawns X juslio 13 el |+ = (M) Slo 332 092

Sz il (o0 9 ¢ o olgen
X, =27

moa

<

—[17(27)+43)]  mod100=502 100€2) RJ:%=0.O2

X25[1@43)] mod 100 =77 modIOO:@ R2=%=0.77

X3E[]7@+43)] mod100=1352  mod100 =52 RZ=%=O.52
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Linear Congruential Method(LCM) s  suisgiod Mgo

i X X X X
)(IO=1 Xln=2 X:1=3 Xln=4 " Use a= 13, c= 0, and
1 1 2 3 4 =
2 13| 26| 39 52 m 64
3 41 18 59 36 m 1
3ooa s 3 % = The perloq of the
5 17 34 51 4 generator is very low
6 29 58| 23|
7| 57| 50 43|
8 37 10] 47|
9 33| 2 35] o
I : 2UisS Jleww 295 Jgb
1M 9 27|
12 53 31
13 49 19
14 61 55
15 25 1
16 5 15
17| 1 3
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Basics of Simulation

' Characteristics of a Good Generator
[LCM]

m Maximum Density
Such that he values assumed by R, i = 1,2,..., leave no large
gaps on [0,1]
Problem: Instead of continuous, each R; is discrete
Solution: a very large integer for modulus m

» Approximation appears to be of little consequence

m Maximum Period
To achieve maximum density and avoid cycling.
Achieve by: proper choice of a, ¢, m, and X,

m Most digital computers use a binary representation of

numbers

Speed and efficiency are aided by a modulus, m, to be (or
close to) a power of 2., Values such as 248 or 23'-1 are in
common use in generators appearing in many simulation
languages.

A.Ghaderi
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f s of Simulation f . -
|m‘rm. f Simulatior | S)J ) . )J}o—r
Combined Linear Congruential Generators

m Reason: Longer period generator is needed because of the
increasing complexity of stimulated systems.
m Approach: Combine two or more multiplicative congruential
generators.
m Let X;4, Xi2, ..., Xix, be the it" output from k different
multiplicative congruential generators.
The jth generator:
= Has prime modulus m; and multiplier a; and period is mj.4
= Produces integers X;; is approx ~ Uniform on integers in [1,
m-1]
» W,;=X;;-1is approx ~ Uniform on integers in [1, m-2]
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S S S sigied Mge -V
Combined Linear Congruential Generators

|

Suggested form:
X,
k -, X, >0
aa (Z(—U*’Xi,_,-} modm,~1  Hence, k=1,
j=1 1 —
j . X, =0
m,
The coefficient:
Performs the
subtraction X 1.1
m The maximum possible period is:
P= (m,—)(m, —1)...(m, —1)
- 21{71
A.Ghaderi 21
University of Kurdistan
| Basics of Simulation i . e . N Y
S b Sgied Mg -

Combined Linear Congruential Generators

m Example: For 32-bit computers, L’Ecuyer [1988] suggests combining
k = 2 generators with m, = 2,147,483,563, a, = 40,014, m, =
2,147,483,399 and a, = 40,692. The algorithm becomes:

Step 1: Select seeds
» X, ,inthe range [1, (2,147,483,563)] for the 15! generator
m X,,inthe range [1, (2,147,483,399)] for the 2nd generator.

Step 2 For each individual generator,
Xij+1 = 40,014 X;;mod 2,147,483,563
X, 01 = 40,692 X, ; mod 2,147,483,399.
Step 3: X1 = (Xyju1 - Xpj4q) mod 2,147,483,562.
Step 4: Return X,
_12147,483563

17 2,147,483,562
2,147,483,563"

Step-5—Set=+1-go back 5

" I“;L ifl‘."!' )
Combined generator ha,s,gegli,qd; ?{rgﬁ,mj\),(mz —-1)/2~2x 10" 22

>0

j+

X,,=0

J+
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| Tests for Random Numbers

m Two categories:
Testing for uniformity:
Hy R;~U[0,1]
H;: R;~»U[0,1]
= Failure to reject the null hypothesis, H, means that evidence of
non-uniformity has not been detected.

Testing for independence:
H,: R; ~independently
H;: R; 7 independently
= Failure to reject the null hypothesis, H, means that evidence of
dependence has not been detected.

m [evel of significance a., the probability of rejecting H, when it

is true: a = P(reject Hy|H, is true)
A.Ghaderi
Umniversity of Kurdistan 24
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| Tests for Random Numbers

m When to use these tests:
If a well-known simulation languages or random-number
generators is used, it is probably unnecessary to test
If the generator is not explicitly known or documented, e.g.,
spreadsheet programs, symbolic/numerical calculators, tests

should be applied to many sample numbers.

A.Ghaderi
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| Frequency Tests

» Test of uniformity

» Two different methods:
» Kolmogorov-Smirnov test
* Chi-square test

Both tests are based on the null hypothesis of no significant

difference between the sample distribution(generated random

Numbers) and the theoretical uniform distribution.

A.Ghaderi
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I Chi—squar e test [Frequency Test]

m Chi-square test uses the sample statistic:
[ n is the # of classe ,]: 5 e, is the expected #
5 (0, — ei)‘,4:| in the ith class
X; = ZK
i=l ¢ o, is the observed
#in the ith class

Approximately the chi-square distribution with n-1 degrees of
freedom (where the critical values are tabulated in Table A.6)

For the uniform distribution, e, the expected number in the each
class is:

N . .
e, =—, whereN is the total # of observation
n

m Valid only for large samples, e.g. N >= 50

A.Ghaderi

. i 27
University of Kurdistan
| H asics ¢ )]z Simiu ]L ion Table A.6 Percentage Points of The Chi-Square Distribution with v Degrees of Freedom
N«
| "’/
W
X
v Hows Zo Hons Hios %
13 788 6.63 5.02 384 27
2 10.60 9.21 738 599 461
3 1284 1134 9.35 7.81 625
4 14.96 1328 11.14 949 778
5 16.7 15.1 12.8 111 92
6 185 16.8 144 126 106
7 203 185 16.0 4.1 120
220 20.1 175 155 134
9 23.6 217 190 169 147
10 22 52 s 183 160
11 268 247 219 19.7 173
12 283 262 283 210 185
13 298 217 247 24 198
14 313 29.1 26.1 237 2L1
15 328 306 : 215 250 23
16 343 320 288 263 235
17 357 334 302 216 248
18 372 348 315 289 26.0
19 386 362 329 30.1 272
20 400 376 342 314 284
21 414 389 355 327 29.6
22 428 403 36.8 339 30.8
23 442 416 38.1 352 320
24 456 430 394 364 332
25 496 443 406 317 344
26 483 456 419 389 356
27 49.6 470 432 40.1 367
28 510 483 445 413 379
29 523 296 457 426 39.1
- 30 537 509 410 438 403
40 66.8 637 59.3 558 518
50 79.5 762 714 675 632
60 20 88.4. 833 79.1 744
70 104.2 1004 950 90.5 855
80 1163 1123 106.6 101.9 96.6
90 128.3 124.1 118.1 131 107.6
100 1402 1358 129.6 1243 1185
Source: Robert E. Shannon, Systems Simulation: The Art and Science, © 1975, p. 372. Reprinted by permission of 28
Prentice Hall, Upper Saddle River, NJ.
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0.96

0.79
0.99
0.37
0.72
0.06
0.18

0.47

0.90
0.76
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0.30
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0.17
0.51
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0.39
0.26

0.25
0.79
0.77
0.17
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0.89.

0.64
0.67
0.82
0.19
0.46
0.01
0.97

0.24
088

0.87
0.70
0.56
0.56
0.82
0.05
0.81
0.30
040
0.64

0.44
0.81
0.41
0.05
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| Kolmogorov-Smirnov Test [Frequency Test]

m Compares the continuous cdf, F(x), of the uniform
distribution with the empirical cdf, Sy(x), of the N sample
observations.

We know: F(x)=x, 0<x<I
If the sample from the RN generatoris R,, R, ..., Ry, then the

empirical cdf, Sy(x) is:
number of R, R R which are< x

2reenr A4,

N

Sy(x)=

m Based on the statistic: D = max| F(x) - Sy(x)|

Sampling distribution of D is known (a function of N, tabulated in
Table A.8.)

A.Ghaderi

University of Kurdistan 33
| e ————— Table A.8 Kolmogorov-Smirnov Critical Values
‘ Degrees of
Freedom
) Dy Dygs Dy
1 0.950 0.975 0.995 .
2 0.776 0.842 0.929
3 0.642 0.708 0.828
4 0.564 0.624 0.733
5 0.510 0.565 0.669
6 0.470 0.521 0.618
7 0.438 0.486 0.577
8 0.411 0.457 0.543
9 0.388 0.432 0.514
10 0.368 0.410 0490
11 0.352 0.391 0.468
12 0.338 0.375 0.450
13 0.325 0.361 0.433
14 0.314 0.349 0418
15 0.304 0.338 0.404
16 0.295 0.328 0.392
17 0.286 0.318 0.381
18 0.278 0.309 0.371
19 0.272 0.301 0.363
20 0264 0.294 0.356
25 0.24 0.27 0.32
30 0.22 0.24 0.29
35 0.21 023 0.27
Over E 1.36 1.63
35 N W N 34

10/29/2013

17



10/29/2013

- |
| Basics of Simulation |

| ]
i et} — i § b Gl § 9 5/

o2 0315 Diged ®1J9F 0391 CuSl9iSy (o 2 Sl O30T Yol e
S=2s5 o3 owll ) Ry 38 i 3920 Ojga ) polie U

R, <R, <-<R,, d3J asb wlaliv

3050 59kas dlael 31325 N) 368 Olas § il 4 1) Y Jlsie O

(- 35L go O30T

D" =max
I<iSN

{L_RH}AMSUL»?)J) O gy |)D+b)lnT)|.xﬁ-o a
N 1

A.Ghaderi

University of Kurdistan

. |
| Basics of Simulation |

|

i | — i 8 gl G 90 5/
VL] e l)d Jlaie U
N
a

D™ =max
I<i<N

. 39T Cawds ) s ) D7 laie
-

darled Olws ) g Ll 43 1) 00T T U
D= max{ D+,D_}
9 o3d 23> O)ﬂ)T b 9 N G 23 2305 Ggos pjll 4 4295 L U
e 4 ) Dy sy Slpm Jlaie 9o

Olaalie g1)g5 0391 CuSleiSy S sho o80T D2D, 51 0

Sgd 0 3)

A.Ghaderi
University of Kurdistan

18



- |
| Basics of Simulation |

|
i et} — i § b Gl § 9 5/

39290 AW 9 c e D ¢ <N 2 A 2 FE olad sas gy S )08
i o]l = 39,5 9IS 0901 jlosliwl U o = 0,05 slil 4 .3a8b

T a3 b sitand S 19iS0 R1J95 SIS 29790 S 2315 45 3w OL&S

A.Ghaderi
University of Kurdistan

. |
| Basics of Simulation |

R, 0.05 0.14 0.44 0.81 0.93
i 0.20 0.40 0.60 0.80 1.00
~ R, 0.5 0.26 0.16 - 0.07
N
i1
-~ 0 0.20 0.40 0.60 0.80
7=
Ry-—  0.05 - 0.04 0.21 0.13
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Cumulative probability
=3
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i

0.04

ok~ 1t | ] L { ( L |
61 02 03 04 05 06 07 08 09 10 x

Ry Ry Rg Ry Ry
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= Autocorrelation is concerned with dependence between
numbers in a sequence

= Example:

0.12 10.01 |0.23 [0.28 | 0.89 |0.31 | 0.64 |0.28 |0.83 | 0.93
0.99 10.15 |0.33 {0.35 |0.91 |0.41 | 0.60 | 0.27 |0.75 | 0.88
0.68 |10.49 |0.05 (0.43 |0.95 |0.58 |0.19 | 0.36 |0.69 | 0.87

= Numbers at 5-th, 10-th, 15-th, ... are very similar
= Numbers can be

* Low

« High

+ Alternating
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= Testing the autocorrelation between every m numbers (m is a.k.a.
the lag), starting with the i-th number

* The autocorrelation p,;,, between numbers: R, R; . R; 20 Ri\ori ym
+ M is the largest integer such that i+(M +1)m < N

= Hypothesis:

H,: p,, =0, if numbers are independent

H,: p,, #0, if numbers are dependent

= |f the values are uncorrelated:

* For large values of M, the distribution of the estimator of p,,, denoted p,,
is approximately normal.
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= Test statistics is: Z0 = _'f) im
%5

* Z,is distributed normally with mean = 0 and variance = 1, and:

n 1 M
Pim = W{Z Ryt 'Ri+(/\'+l)mj| -025

k=0

R VI3M +7

o, =
1M +1)

= If p,,> 0, the subsequence has positive autocorrelation
« High random numbers tend to be followed by high ones, and vice versa.

= If p;, < 0, the subsequence has negative autocorrelation
* Low random numbers tend to be followed by high ones, and vice versa.
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= Test whether the 37, 8%, 13" and so on, for the numbers on Slide
60.
« Hence, a=0.05i=3 m=5 N=30and M=4

s 1 [(023)(0.28)+(0.28)(0.33)+(0.33)027)]_
37 441] +(0.27)(0.05) + (0.05)(0.36) e

=-0.1945

_7“13(4)4—7—0 128

o, =0.
Fs 12(4+1)

7= 0185 o
0.1280

* zy005 = 1.96 hence, the hypothesis is not rejected.
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